The high resolution numerical perturbation (NP) algorithm is analyzed and tested using various convectivediffusion equations. The NP algorithm is constructed by splitting the second order central difference schemes of both convective and diffusion terms of the convective-diffusion equation into upstream and downstream parts, then the perturbation reconstruction functions of the convective coefficient are determined using the power-series of grid interval and eliminating the truncated errors of the modified differential equation. The important nature, i.e. the upwind dominance nature, which is the basis to ensuring that the NP schemes are stable and essentially oscillation free, is firstly presented and verified. Various numerical cases show that the NP schemes are efficient, robust, and more accurate than the original second order central scheme.
A number of numerical methods have been developed for computational fluid dynamics (CFD). The second order central difference (2-CD) scheme has the comprehensive advantages of accuracy, efficiency, simplicity, and maintainability; hence it is regarded as a good scheme for some CFD applications, [1] for example, it is used for the large eddy simulation in the pressure-based solver in FLUENT. However, the 2-CD scheme generates spurious oscillations if the solution contains a large gradient or a discontinuity. How to overcome this drawback and improve its accuracy and robustness, without increasing any nodes and the complexity, is no doubt meaningful and practical. The numerical perturbation algorithm provides a new approach to achieve this outcome.
The numerical perturbation algorithm is to couple fluid dynamics effects with the discretized schemes of the convective diffusion equation. [2, 3] The main steps of constructing the algorithm are as follows: the flux and coefficient of the convective derivative in the mathematical basic schemes (the first order upwind scheme, the second order central schemes) are reconstructed as a power-series of grid intervals; using the convective-diffusion equation itself, the highorder fluid mechanics relation is obtained; by eliminating truncated error terms in the modified differential equation of the reconstructed scheme, the coefficients in the power-series are determined and finally the numerical perturbation algorithms are obtained.
Due to its physical preserving idea, and larger stable range and better accuracy than the original scheme, the numerical perturbation algorithm was applied to reconstruct various schemes, [4−6] and formed the high order perturbation difference scheme [2] and perturbation finite volume scheme [3, 7, 8] systems. Recently, based on the second order central difference scheme, Gao [9] proposed a stable perturbation finite difference scheme (here it is called the high resolution numerical perturbation (NP) scheme) for the convective-diffusion equation. First, the second order difference schemes for both the convective and diffusion terms are split into two parts with upstream and downstream nodes, respectively, then the numerical perturbation is applied to reconstruct the split schemes. Numerical examples show that the new scheme is oscillation free even on coarse grids, and its errors are greatly less than the second order central scheme. In this Letter, the natures of the NP schemes are analyzed, and various numerical cases are calculated to verify the high performance of the NP schemes.
A general convective diffusion equation can be written as
where , and denote the velocity, the transfer variable and the diffusion coefficient, respectively. If the second order central difference schemes are used to discretize both the convective and diffusion terms in Eq. (1), the discretized equation is written as
As mentioned previously, the second order central difference scheme (2) generates an oscillation if the solution contains a large gradient or a discontinuity. The numerical perturbation algorithm aims at eliminating the non-physical numerical oscillation and obtaining a higher accurate solution. For completeness, the numerical perturbation algorithm [9] is briefly introduced.
First, Eq. (2) is rewritten as
The numerical perturbation scheme is written as
The functions ± is the power series of grid interval ∆ ,
Using the convective-diffusion equation (1) and freezing the coefficient of the convective term, we can obtain the approximate relation of high order derivatives of the transfer variable as follows:
We combined the Taylor series expansion and the method of undetermined coefficients (here, notice that the terms of (∆ ) −1 and (∆ ) 0 are eliminated by the corrected Eq. (4) and the convective-diffusion equation (2), respectively; + and − are dependent on the first and the second parts of (4), respectively), coefficients ± are obtained as
· · · Hence the (2 + 1)-th order (since
= 0) perturbation scheme is obtained by applying
in Eq. (4) . In order to analyze the NP algorithm Eqs. (4) and (8) conveniently, the perturbation function Eq. (8) can be written as, for example,
where Δ = Δ is the Reynolds grid number. The numerical perturbation scheme of Eqs. (4) and (9) has both mechanical and mathematical meanings:
(1) Equation (4) shows the clear upwind characteristic of the convective flow by splitting the spatial discretization into upstream and downstream parts.
(2) The perturbation functions ± ( ) of Eq. (9) are the polynomials of the Reynolds grid number, hence, the properties of NP schemes can be studied by using the Reynolds grid number.
(3) The spatial grid interval, which is the intrinsic small parameter in the numerical calculation, is used as the perturbation parameter to construct the numerical perturbation schemes.
(4) The accuracy of NP schemes is the discretization accuracy of the whole convective diffusion equation, while the accuracy of traditional difference schemes is usually the approximate accuracy of the first-order or second-order derivative in the equation. By analyzing, the properties of the perturbation function ± ( ) are listed as follows:
Here ± (4) has the same property as ± (2), except that the is different. can be regarded as a critical grid Reynolds number, which is defined as a positive minimum value to make Figure 1 shows the distribution of the perturbation function ± ( ) vs the Reynolds grid number 104702-2 Δ . The above properties indicate that the thirdand seventh-order NP schemes are upwind dominant, the fifth-and ninth-order NP schemes are conditionally upwind dominant in a proper range of Δ . The property of upwind dominance is the essential nature of the NP schemes, hence the NP schemes are essentially oscillation free. If ± ( ) ≥ 0 is required, the form of NP schemes looks like the weighted scheme of the first order upstream and downstream schemes.
Several cases are calculated to demonstrate the efficiency, robustness and high order accuracy of the NP schemes. In this study, the time dependent method is applied to obtain the steady solution. The fourth order Runge-Kutta method is used for the time marching. The linear convective diffusion equation is used as the first test case and can be written as
The steady state solution is ( ) = ( − 1)/( − 1). The comparison of the third order NP (3-NP) algorithm and the second order central difference scheme with grid number = 160 is shown in Fig. 2 . Near the large gradient, the second order central scheme causes dramatic oscillations. The 3-NP scheme is oscillation free and agrees well with the exact solution. Table 1 shows the detailed error comparison of different schemes. In this study, OS denotes the oscillatory solution, OV denotes the overflow happened in the calculation. It can be seen that, if a large grid interval (means large Reynolds grid number) is used, the second order central scheme is oscillatory. If = 80 is used, the Δ equals 12.5, which is larger than of (2) and (4), hence the 5-NP and 9-NP schemes are overflow. If = 160 is used, the Δ equals to 6.25, which is close to , the 5-NP and 9-NP schemes are weak upwind dominant and result in a small oscillation near the large gradient region. Meanwhile, with the large Reynolds grid number (for example, = 80), the 7-NP scheme is not necessarily more accurate than the 3-NP scheme. With the grid number increased, the NP schemes achieve the expected order, for example, the third order, fifth order, seventh order, and ninth order, respectively. The nonlinear Burgers equation is the second test case. It is written as
The steady state solution of Eq. (10) with boundary condition (11) is ( ) = tanh(− /2). At = 0, the shock is formed with a large number. In our computation, = −1, = 1 are used. Based on the analysis of the 5th-order and 9th-order NP schemes, which 104702-3 are conditionally upwind dominant, and the numerical results of previous cases, only the 3rd-order and the 7th-order schemes are considered for this case. First, the case with = 10 is tested. Table 2 gives the errors. Since the small Reynolds number is used, all tested schemes obtain good results. It can also be seen that the errors of the NP schemes are no more than one half of the second central scheme. Then, the case with = 1000 is calculated, and the errors are given in Table 3 . The second order central scheme is oscillatory even with the finest grid number of = 640. The NP schemes are oscillation free. Figure 3 gives the comparison of the second order central scheme and the third order NP scheme with = 1000 and = 160. It is worth mentioning that, for this nonlinear case, the relation of high order derivatives (6) is approximate, hence the results of the high order (7th-order) NP scheme are almost the same as the low order (3rd-order) NP scheme. Hence, for the other cases in this paper, only the 2-CD scheme and the 3-NP scheme are compared.
The variable coefficients convective diffusion equation, i.e.
under the boundary conditions
is the third test case. The comparison of the steady state solution with = 1000 and = 160 is given in Fig. 4 . Here the exact solution is the result calculated by the third order NP scheme with = 1000. The second central scheme is still oscillatory, while the third order NP scheme obtains a good solution.
The convective diffusion equation with source terms is the fourth test case,
The exact solution is given by ( ) = sin( )+( / − 1)/( 1/ − 1), where = 1/ . Table 4 gives the comparison of errors. The 2-CD scheme is oscillatory, even the mesh of = 320 is used. The 3-NP scheme is oscillation free, and it reaches the second order for both ∞ and 1 norms. Figure 5 plots the results of = 1000 and = 320. This case shows that the NP scheme can also solve the convective diffusion equation with source terms very well. The two-dimensional nonlinear Burgers equation is the fifth test case,
For the two-dimensional convective diffusion equation, combined with the spatial splitting method, the numerical perturbation procedure of Eqs. (4) and (9) is applied in each spatial direction with its corresponding Reynolds grid number. The exact solution is given by ( , ) = tanh(− ( + )/2). The second order central scheme is overflow even the grid of 320 × 320 is used. Table 5 gives the errors of the 3-NP scheme. Figure 6 is the solution obtained by the 3-NP scheme with the grid of 160 × 160. Finally, the two-dimensional linear convective diffusion equation with variable coefficients is calculated,
The exact solution is given by
The case with = 40 is calculated. Since the Reynolds grid number is small relatively, the 2-CD scheme and the 3-NP scheme can run in this case. However, the errors given in Table 6 show that the second central scheme gives unacceptable results even with the mesh of 160 × 160, while the third order NP scheme obtains a very good solution and it achieves third order accuracy. Figure 7 is the solution calculated by the 3-NP scheme with mesh of 80 × 80. In summary, the nature of upwind dominance or conditionally upwind dominance of the NP schemes is presented and verified. It is this nature that makes the NP schemes essentially non-oscillatory schemes in the large gradient region or near discontinuity even with a large Reynolds grid number. Various numerical examples show that the NP schemes are not only efficient and robust, but also more accurate than the original second order central scheme. The application to fluid dynamics Navier-Stokes equations and the multi-nodes NP reconstruction algorithm are currently underway and will be reported elsewhere.
